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We provide a canonical form of mixed states in bipartite
quantum systems in terms of a convex combination of a sep-
arable state and a, so–called, edge state. We construct entan-
glement witnesses for all edge states. We present a canonical
form of nondecomposable entanglement witnesses and the cor-
responding positive maps. We provide constructive methods
for their optimization in a finite number of steps. We present
a characterization of separable states using a special class of
entanglement witnesses. Finally, we present a nontrivial nec-
essary condition for entanglement witnesses and positive maps
to be extremal.
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One of the most fundamental open problems of quan-
tum mechanics is the characterization and classification
of mixed entangled states of multipartite systems, i.e.,
states that exhibit quantum correlations [1]. This prob-
lem is of enormous importance for applications in quan-
tum information processing [2–5]. A density operator
ρ ≥ 0 acting on a finite Hilbert space H = HA ⊗ HB
describing the state of two quantum systems A and B
is called entangled [6] (or not separable) if it cannot be
written as a convex combination of product states, i.e.,
as
ρ =
∑
k
pk|ek, fk〉〈ek, fk|, (1)
where pk ≥ 0, and |ek, fk〉 ≡ |ek〉A ⊗ |fk〉B are product
vectors. Conversely, ρ is separable (or not entangled) if
it can be written in the form (1).
For low dimensional systems (in H = IC2 ⊗ IC2 and
H = IC2 ⊗ IC3), there exists an operationally simple nec-
essary and sufficient condition for separability, the so–
called Peres–Horodecki criterion [7,8]. It indicates that
a state ρ is separable iff its partial transpose is positive,
where partial transpose means the transpose with respect
to one of the subsystems [9]. However, in higher dimen-
sions this is only a necessary condition; that is, there
exist entangled states whose partial transpose is posi-
tive (PPTES) [10–12]. Thus, the separability problem
reduces to finding whether a density operator with posi-
tive partial transpose (PPT) is separable or not [1].
There exists a complete characterization of separable
states based on entanglement witnesses (EW) and posi-
tive maps (PM) [8]. Briefly speaking: a state ρ is entan-
gled iff there exists a hermitian operatorW (an EW) such
that Tr(Wσ) ≥ 0 for all separable σ, but Tr(Wρ) < 0.
The latter condition offers the possibility of experimen-
tal detection of entanglement via the measurement of W
– an observable which “witnesses” the quantum correla-
tions in ρ [13]. Starting from EW’s one can define PM’s
[14] that also detect entanglement. An example of a PM
is transposition, T [15,16], whose tensor extension I ⊗ T
detects all non PPT states. Unfortunately, the charac-
terization of EW’s and PM’s is not known, and therefore
the most challenging open questions are: How to con-
struct EW’s in general, and what is the minimal set of
them which allows to detect all entangled states. First
steps toward answering these questions have been accom-
plished in Ref. [13].
In this Letter we provide a canonical form of mixed
states in bipartite quantum systems in terms of a con-
vex combination of a separable state and a so–called edge
state, which violates extremely the range separability cri-
terion [17]. We construct EW’s for all edge states and
present a canonical form for nondecomposable EW (nd–
EW) and the corresponding PM. We present constructive
methods to optimize nd–EW’s in a finite number of steps.
We provide a characterization of separable states using
a special class of EW’s that are not necessarily related
to edge states, but to certain subspaces of H . Finally,
we present a nontrivial necessary condition for nd–EW’s
and PM’s to be extremal. The methods that we use to
prove our result are based on the technique of “subtract-
ing projectors on product vectors” [18,19]. Most of the
technical proofs have been included in Ref. [20].
In this paper we will denote by K(ρ), R(ρ), and r(ρ)
the kernel, range, and rank of ρ, respectively. Let us
start by defining the edge states. An “edge” state, δ, is a
PPTES such that for all product vectors |e, f〉 and ǫ > 0,
δ − ǫ|e, f〉〈e, f | is not positive or does not have a PPT.
Obviously, the “edge” states lie on the boundary between
PPTES and not PPT states. In order to characterize
them we use the following criterion [10,19]:
Criterion: A PPT state δ is an “edge” state iff there
exists no |e, f〉 ∈ R(δ) s.t. |e, f∗〉 ∈ R(δTB ).
Note that the edge states violate the range criterion
of separability in an extreme manner [10,19]. They are
of special importance since they are responsible for the
entanglement contained in PPTES’s. In order to see that
we generalize the method of the best separable approxi-
mation (BSA) [18] to the case of PPT states:
Proposition 1: Every PPTES ρ is a convex combination
ρ = (1− p)ρsep + pδ, (2)
of some separable state, ρsep, and an edge state, δ.
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Note that in the decomposition (2) the weight p can be
chosen to be minimal [i. e. there exists no decomposition
of type (2) with a smaller p].
The decomposition (2) can be obtained using the
method of subtracting projectors onto product states
|e, f〉 ∈ R(ρ) such that |e, f∗〉 ∈ R(ρTB ). One can
show [18] that ρ′ ∝ ρ − λ|e, f〉〈e, f | is still a PPTES
if λ = min[1/(〈e, f |ρ−1|e, f〉), 1/(〈e, f∗|(ρTB )−1|e, f∗〉)].
Moreover, such operation diminishes either the rank of
ρ or ρTB , or both. The construction of the optimal de-
composition is a hard task, but construction of a decom-
position with non minimal p can be obtained in a finite
number of steps. This provides us with a simple method
to construct edge states in arbitrary dimensions, and a
separability check [19].
It is natural to ask how to detect PPTES, in the view
of the decomposition (2). As mentioned above, one ap-
proach is to use EW. There exists a class of EW (called
decomposable [20]) which have the form W = P +QTB ,
where P and Q are positive operators. Such witnesses
can only detect non PPT entangled states [21]. The EW
which cannot be written as W = P + QTB are called
nondecomposable EW. An EW is non–decomposable iff
it detects a PPTES [20]. In particular, every nd–EW de-
tects an edge state since one can immediately see from
(2) that if Tr(Wρ) < 0 then Tr(Wδ) < 0. Despite their
importance, it is not known how to characterize the class
of nd–EW’s. It is thus an important task to study the
EW’s of the edge states.
One of the important results of this letter is that for
any edge state one can explicitely construct a nd–EW
which detects it. To show that, we generalize the method
of [13], which is restricted to PPTES constructed out of
unextendible product bases [11] which, in particular, do
not exist for 2 × N dimensional systems. Let δ be an
edge state, C an arbitrary positive operator such that
Tr(δC) > 0, and P and Q positive operators whose
ranges fulfill R(P ) ⊆ K(δ), R(Q) ⊆ K(δTB ). We de-
fine
Wδ ≡ P +Q
TB , (3)
and
ǫ ≡ inf
|e,f〉
〈e, f |Wδ|e, f〉; c ≡ sup
|e,f〉
〈e, f |C|e, f〉. (4)
Note that the properties of δ ensure that ǫ > 0. We then
have
Lemma 1: [Lemma 6 of Ref. [20]] Given an edge state
δ, then
W1 =Wδ −
ǫ
c
C (5)
is a nd–EW which detects δ.
The simplest choice of P , Q and C consists of tak-
ing the projections onto K(δ), K(δTB ) and the identity
operator, respectively [23]. As we will see below, this
choice provides us with a canonical form for nd-EW. In
order to show that, let us first introduce some additional
notations.
Let S ⊂ P denote the convex set (cone) of separable
(resp. PPT) states. Let P⊥ ⊂ S⊥ be the convex sets
(dual cones) of nd-EW’s (resp. EW’s). All those sets are
closed.
Definition: An EW (resp. decomposable EW), W is
tangent to S (resp. tangent to P) if there exists a state
ρ ∈ S (ρ ∈ P) such that Tr(Wρ) = 0. Furthermore, we
say thatW is tangent to S (P) at ρ ∈ S (P) if Tr(Wρ) =
0.
Observation 1: The state ρ is separable iff for all EW’s
tangent to S, Tr(Wρ) ≥ 0.
Proof: (only if) is trivial; (if) Let ρ be an entangled state,
and let W be an EW that detects ρ, i.e., Tr(Wρ) < 0.
We define ǫ ≥ 0 as in (4). If ǫ = 0 then W is tangent
to S. If ǫ > 0 then W ′ = W − ǫ1l is still an EW which
detects ρ and it is tangent to S.
Observation 2: If a decomposable EW, W , is tangent
to P at ρ, then for any decomposition (2) W must also
be tangent to P at the edge state δ.
We can prove now
Proposition 2: If an EW, W , which does not detect
any PPTES, is tangent to P at some edge state δ then it
is of the form
W = P +QTB (6)
where P,Q ≥ 0 such that R(P ) ⊆ K(δ), R(Q) ⊆ K(δTB ).
Proof: As mentioned before, an EW, W , which does not
detect any PPTES must be decomposable; that is, W =
P +QTB . From the PPT property of δ and the positivity
of P,Q we have that the ranges R(δ) and R(P ) [resp.
R(δTB ) and R(Q)] must be orthogonal.
We are now in the position to prove one of the main
results of this paper, regarding our canonical form of nd–
EW’s:
Proposition 3: Any nd–EW, W , has the form
W = P +QTB − ǫ1l, 0 < ǫ ≤ inf
|e,f〉
〈e, f |P +QTB |e, f〉. (7)
where P and Q fulfill the conditions of Prop. 2 for some
edge state δ.
Proof: Consider W (λ) = W + λ1l. Obviously for some
λ > 0, say λ0, W (λ0) becomes decomposable. Note that
for any λ < λ0, W (λ) is nondecomposable and therefore
it detects some PPTES ρ. Using continuity we conclude
that W (λ0) is tangent to P . From Obs. 2 there exists an
edge state δ to whichW (λ0) is tangent. From Prop. 2 we
obtain thatW (λ0) = P+Q
TB , where P and Q satisfy the
needed conditions, and consequently W = P +QTB − ǫ1l
with ǫ = λ0. Since W is EW, ǫ must not be greater than
inf |e,f〉〈e, f |P +Q
TB |e, f〉.
Proposition 3’: If the assumptions of Prop. 3
hold then W is of the form (7) with R(P ), R(Q) or-
thogonal to some Hilbert subspaces Ha and Hb, re-
spectively, where: (i) there exists no |e, f〉 ∈ Ha
s.t. |e, f∗〉 ∈ Hb; (ii) R[TrB(PHa)] = R[TrB(PHb)],
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R[TrA(PHa)] = R[TrA(PHb)
∗], where PX stands for
the projector onto the subspace X ; (iii) dimHx >
max[r(TrA(PHx)), r(TrB(PHx))], x = a, b.
Proof: The point (i) is clear; (ii) and (iii) follow from
simple analysis of the ranges of the partial reductions of
δ as well as the properties of the range of PPT states
[22,19].
Remark 1: The presented formulation permits to re-
lease ourselves from dealing with edge states in the
canonical decomposition (7). Instead, we may consider
only the pairs of “strange” subspaces Ha,b of the Hilbert
space. Note that the converse of the Proposition 3’ is
also likely to be true.
Remark 2: It is worth recalling that all EW’s are in
one to one correspondence to PM’s [14]. In particular,
any nd-EW leads to a so–called nondecomposable posi-
tive map (nd-PM), i.e., a map which cannot be written
as a convex sum of a completely positive map and some
other completely positive map followed by transposition.
The characterization of nd-PM’s is one of the most chal-
lenging open problems in mathematical physics. Prop.
3 (3’) thus provides us with a canonical form for nd–
PM. As we mentioned, a PM Λ (transforming operators
acting on HC to those acting on HB) provides a sepa-
rability test which is stronger than its EW counterpart
WΛ acting on HA ⊗ HB . The correspondence between
such PM and EW is given by the following relation: if
|Ψ〉 =
∑dA
k=1 |k〉A ⊗ |k〉C then WΛ = 1lA ⊗ Λ(|Ψ〉〈Ψ|).
As mentioned above, when studying separability we
just have to deal with nd–EW’s. In order to reduce the
set of nd–EW’s and nd–PM’s, let us introduce the follow-
ing definitions. Given two nd–EW’s, W1 and W2, then
we say that W2 is nd–finer than W1 if all the PPTES de-
tected byW1 are also detected byW2. We say thatW is a
nondecomposable optimal (nd–optimal) EW (nd–OEW),
if there exists no nd–EW which is nd–finer thanW . Thus
it is obvious that the nd–EW’s we are interested in are
the nd–OEW’s. Let us call an operatorD = P+QT , with
P,Q ≥ 0 and T denoting the partial transposition with
respect to A or B, decomposable. Furthermore let us de-
fine the set of product vectors on which the average ofW
vanishes, i.e., pW = {|e, f〉 ∈ H, s. t. 〈e, f |W |e, f〉 = 0}.
This set plays an important role in the optimization,
which can be seen in the following results concerning the
characterization of nd–OEW’s:
Proposition 4: [Theorem 1b of Ref. [20]] An nd–EW,
W , is nd–optimal iff for all decomposable operators D
and ǫ > 0 the operator W ′ =W − ǫD is not an EW.
Corollary : If both pW and pWT span the whole Hilbert
space, HA ⊗HB , then W is a nd–OEW.
Remark 3: The necessary and sufficient conditions for
a nd–EW to be nd–optimal are presented in Ref. [20].
Loosely speaking a nd–EW is nd–optimal iff either both,
pW and pWT span the whole Hilbert space, or there exist
some nonproduct vectors |Ψ〉 related to pW (or pWT )
s.t. both, pW (pWT ) joint with the set of |Ψ〉 and pWT
(pW ) span the whole HA⊗HB. In our numerical studies,
however, we have not encountered the latter possibility;
it is thus likely that the converse of the Corollary is true.
Our results allow now to design a finite step algorithm
to nd–optimize a given EW, W , by subtracting decom-
posable operators:
(I) Take a decomposable operator, D = P+QT such that
PpW = 0 and QpWT = 0 and check if
λ0 ≡ inf
|e〉∈HA
[
D−1/2e WeD
−1/2
e
]
min
> 0. (8)
Here We = 〈e|W |e〉, De = 〈e|D|e〉, where |e〉 ∈ HA,
whereas [X ]min is the minimal eigenvalue of X .
(II) If λ0 is positive construct the new, nd–finer EW,
W ′ =W − λ0D.
(III) Iterate the procedure (I)-(II) as long as there is no
D = P +QT with PpW = 0 and QpWT = 0.
After each step the set of pW , pWT or both of them
increases at least by one element, which is linearly in-
dependent of the former ones. So, after a finite number
of steps pW and pWT will span the whole Hilbert space
which ensures that the final nd–EW is nd–optimal. In
principle, it may happen that λ0 = 0 at some step, before
pW and pWT span the whole H . Our numerical simula-
tions suggest, however, that among all possible D’s one
can always find one with λ0 > 0.
We have applied the methods of finding and optimiz-
ing EW’s to a family ρb (b ∈ [0, 1]) of PPTES in the
2 × 4 dimensional system from Ref. [10]. For b = 0, 1
those states are separable, whereas for 0 < b < 1, ρb’s
are edge states which can be checked directly as shown
in Ref. [10]. We have applied the following procedure.
By virtue of some symmetries of ρb, one can perform a
local change of basis after which the transformed state ρ˜b
fulfills ρ˜TBb = ρ˜b. This step allowed us to construct the
nd–EW W1 = P +P
TB − λ01l, which detects already the
edge state. Following the procedure above we subtracted
decomposable operators. In addition we choose them to
be invariant under partial transposition with respect to
system B. Note that then W = WTB at any step and
therefore we only had to make sure that pW spanned the
whole Hilbert space, which automatically ensured that
the final nd–EW was nd–optimal. In Fig. 1 it is shown
how many members of the whole family of ρb′ ’s are de-
tected by the nd–OEW obtained from ρb. We plot here
also the efficiency of the corresponding nd-PM. Here the
improvement of efficency is less spectacular, but still sig-
nificant.
It must be stressed that both: the EW’s and the PM’s
constructed in 2 × 4 system are the first examples pro-
vided for a quantum system with one qubit subsystem.
We have also provided the first examples of the set pW
that spans the whole Hilbert space. This set allows to
construct very peculiar separable states of full rank that
lie on the boundary of S. Note also that, in general,
the parameter λ0 in the optimization procedure has to
be found numerically. In Ref. [20] we have been able to
formulate an analytic method that allows to detect the
whole family of ρb’s.
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FIG. 1. Values of b′ for which if b˜ ≤ b′, ρ˜b˜ is detected by
the optimal witness and the positive map obtained from ρ˜b.
As we remember, the key problem is to find the mini-
mal set of EW’s detecting PPTES. Obviously, this mini-
mal set will consist of nd-OEW’s. A related problem is to
find a set of extremal points of P⊥. Note that a nonop-
timal nd-EW is a convex sum of an optimal one and a
decomposable operator (Prop.4), so it cannot be an ex-
tremal point. Note that Prop. 3 (3’) combined with the
optimality property provides the necessary form of ex-
tremal points of both EW’s, as well as PM’s, which has
not been known so far. We have thus the following
Proposition 5: The set of extremal points of the set of
EW’s, S⊥, is contained in the set A of all optimal EW’s
of the form (7) plus projectors and transposed projectors.
Proposition 5’: The set of extremal points of the cone
of nd–EW’s, P⊥, is contained in the set B of all optimal
nd-EW’s of the form (7).
Remark 4: Moreover, applying the isomorphism [14] to
the members of A (B) we obtain the set A′ (B′) of PM’s
(nd-PM’s) containing the set of all extreme PM’s. The
above theorems provide thus the first nontrivial neces-
sary condition for EW’s and PM’s to be extremal. In
particular, following Prop. 3’ we can obtain a weaker
condition by considering optimal EW’s of the form (7)
without involving the notion of the edge states, but only
pairs of “strange” subspaces Ha and Hb.
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